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II: The Bridge Project
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QUESTIONS

I: Suppose T (x, y) = k(x2 + y2) where k is a constant.
What is T (r, θ)?

II: Suppose the temperature on a rectangular slab of metal is
given by T (x, y) = k(x2 + y2) where k is a constant.
What is T (r, θ)?

Choices

A: T (r, θ) = kr2

B: T (r, θ) = k(r2 + θ2)



MATH

T = f (x, y) = k(x2 + y2)

T = g(r, θ) = kr2

PHYSICS

T = T (x, y) = k(x2 + y2)

T = T (r, θ) = kr2

Differential Geometry!

T (x, y) ←→ T ◦ (x, y)−1

T (r, θ) ←→ T ◦ (r, θ)−1
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EXAMPLE

(Stewart 4th edition §15.6: 12, 13, 14)

Find the directional derivative of the function at the given
point in the direction of ~v.

(a) f (x, y) = x/y, (6,−2), ~v = 〈−1, 3〉

(b) g(s, t) = s2et, (2, 0), ~v = ı̂ + ̂

(c) g(r, θ) = e−r sin θ, (0, π/3), ~v = 3 ı̂− 2 ̂



Do You Do This?

1 1 2 2 3 3u v u v u v u v⋅ = + +

2 2 2
1 2 3u u u u= + +

cosu v u v θ⋅ =

u u u= ⋅

Or This?

v u
u
⋅ u

v



Group Activities

• Task Master
Keeps group on track:
“What you had for lunch doesn’t seem relevant.”

• Cynic
Questions everything:
“Why?”  “Why?”  “Why?”

• Recorder
• Reporter



Group Activities



Sample Group Activity

Find the angle between a diagonal of a cube 
and an edge

1cos( )
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Group Activity

• Emphasizes that vectors are arrows
• Combines geometry and algebra
• Uses multiple representations

cosu v u v θ⋅ =

( ) ( )1 2 3 1 2 3
ˆ ˆu v u u u k v v v k⋅ = + + ⋅ + +ı  ı 

1 1 2 2 3 3u v u v u v u v⋅ = + +

geometry:

algebra:

memory:



Start with Algebra?

1 1 2 2 3 3u v u v u v u v⋅ = + +
( ) ( ) 2u v u v u v vu uv⇒ − ⋅ − = ⋅ + ⋅ − ⋅

2 2 2

c2 osu vu v u v θ− = + −u

v
θ

u v−

(Law of Cosines)



Start with Geometry!

u
v

w

u v+
v u

u
⋅ u

v

( )u v w u w v w⇒ + ⋅ = ⋅ + ⋅

( ) ( )1 2 1 2 1 1 2 2u u v v u v u v⇒ + ⋅ + = +ı  ı 

(get Law of Cosines for free!)



Use both!

u

v
cos( ) sin( )

cos( ) sin( )

cos( )

u

v

u v

α α

β β

α β

= +

= +

⋅ = −

ı 

ı 

(get addition formulas for free!)



CORIANDER

I: In the small town of Coriander, the library can be found by starting at
the center of the town square, walking 25 meters north, turning 90◦ to the
right, and walking a further 60 meters.

II: It turns out that magnetic north in Coriander is approximately 14◦ degrees
east of true north. If you use a compass to find the library (!), the above
directions will fail. Instead, you must walk 39 meters in the direction of
magnetic north, turn 90◦ to the right, and walk a further 52 meters.
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Where on Earth is Coriander?



Vector Differentials

ˆ ˆdr dx dy= +ı  ˆˆdr dr r r dθ θ= +

dx

dy dr

dr
r dθ

dr



• Line Integrals

–

–

• Surface Integrals

–

–

Vector Differentials

• Volume Integrals

–

• Gradient

–

F dr⋅∫
rds dsf d=∫

1 2dS dr rf dS d= ×∫ ∫
1 2F d drS d S dr=⋅ ×∫ ∫

df f d r= ∇ ⋅

1 2 3( )dV dr dr dr= × ⋅



The Bridge Project

• Differentials (Use what you know!)
• Exploiting multiple representations
• Symmetry (adapted bases, coordinates)
• Geometry (vectors, div, grad, curl)
• Computer visualization (Maple, Excel)
• Active engagement (groups, flashcards)



Visualization—Table

-5 -4 -3 -2 -1 0 1 2 3 4 5
-5 0 9 16 21 24 25 24 21 16 9 0
-4 9 18 25 30 33 34 33 30 25 18 9
-3 16 25 32 37 40 41 40 37 32 25 16
-2 21 30 37 42 45 46 45 42 37 30 21
-1 24 33 40 45 48 49 48 45 40 33 24
0 25 34 41 46 49 50 49 46 41 34 25
1 24 33 40 45 48 49 48 45 40 33 24
2 21 30 37 42 45 46 45 42 37 30 21
3 16 25 32 37 40 41 40 37 32 25 16
4 9 18 25 30 33 34 33 30 25 18 9
5 0 9 16 21 24 25 24 21 16 9 0



Visualization—Level Curves
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Visualization—Graph
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Visualization—Gradient



I: Physics is about things.

(a) What sort of a beast is it?

• Scalar fields

• Units

• Coordinates

• Time

(b) Physics is independent of coordinates.

• Vectors as arrows

• Geometry of dot and cross products

(c) Graphs are about the relationships of physical things.

• Fundamental physics is three dimensional.

• 3d graphs of functions of 2 vars are misleading

• Hills are not good examples of functions of two variables

• Use of color

• Graphs of waves are misinterpreted

(d) Fundamental physics is highly symmetric.

• Spheres and cylinders vs. paraboloids

• Interesting physics problems can involve trivial math

• Use of r̂, θ̂, φ̂



II: Physicists can’t change the problem.

(a) Physics involves the creative synthesis of multiple ideas.

(b) Physics problems may not be well-defined math problems.

• No preferred coordinates or independent variables.

• No parameterization.

• Unknowns don’t have names.

• Getting to a well-defined math problem is part of the problem

• If you can’t add units, it’s a poor physics problem.

(c) Physics problems don’t fit templates.

• Template problem-solving vs. skills

• A few key ideas are remembered best later

(d) Physics involves the interplay of multiple representations.

• Dot product



GEOMETRIC VISUALIZATION

• A picture is worth a thousand equations!

• Empowers students to master underlying ideas.

• Hard to teach, hard to write down — but worth it!



A Radical View of Calculus

• The central idea of 
calculus is not the 
limit.

• The central idea of 
curves and surfaces is 
not parameterization.

• The central 
representation of a 
function is not its graph.

• The central idea of 
integrals is not area.

• The central idea of 
derivatives is not 
slope.




