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Certain orthogonal coordinate systems naturally correspond to basis vectors which are both curl-free
and divergence-free, and hence solve Maxwell's equations. After first comparing several different
traditional approaches to computing div, grad, and curl in curvilinear coordinates, we present a new
approach, based on these “electromagnetic” basis vectors, which combines geometry and physics.
Not only is our approach tied to a physical interpretation in terms of the electromagnetic field, it is
also a useful way to remember the formulas themselves. We give several important examples of
coordinate systems in which this approach is valid, in each case discussing the electromagnetic
interpretation of the basis. We also give a general condition for when an electromagnetic
interpretation is possible. @002 American Association of Physics Teachers.
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[. INTRODUCTION for a given vector field to be electromagnetic, that is, to
admit a rescaling which is both curl-free and divergence-

What are the divergence and curl of a vector field? Stufree. Finally, we show how to use these basis vectors to

dents in mathematics courses often learn algebraic formulegimplify the computation of div, grad, and curl.

for these derivatives, without learning the geometry behind

them. Those students who go on to take physics or engineer-

ing courses which use these concepts often have troubl¢ CALCULATING DIV, GRAD, AND CURL

“bridging the gap” between the way vector calculus is taught

by mathematicians and the way it is used in applicatihs.

One indication of the extent of this problem is the fact thatA. Mathematics

fevy mathematicians hgve seen 'ghe notalibrd, ¢} for thg . In introductory mathematics courses, one typically works
unit vectors for spherical coordinates, yet most physicists

assume that their students learn this in vector calctiltgs N Cartesian coordinates, using the basig,k}. Given any

problem is exacerbated by the different conventions forector field
spherical coordinates used by physicists and mathematiqians. F=Pi+Qj+Rk 1)

We emphasize that the use of nonrectangular coordinate
bases is just one small step; the gap must be bridged atthe divergence and curl d¢f are defined by the formulas
more fundamental levélAnd a few simple examples, such
as spherical coordinates, are sufficient for, say undergraduate V.E= er @ ﬁ
physics. The goal of this paper is rather to consider several ax gy oz
more sophisticated examples, showing explicitly how theya nd
relate to electromagnetism.

Why are the formulas for divergence and curl so much T
harder in curvilinear coordinates than in rectangular coordi-
nates? Because the basis vectors are not constant. However, - i i
if the basis vectors were both curl-free and divergence-free, X Yy
they would pull through the computation of the curl and =

. . . Q
divergence as though they were constant, dramatically sim-
plifying things. This is the basic idea we will develop here. respectively. It is an instructive exercise to try to use these
Furthermore, dtime-independentvector field which is both  formulas to verify that
curl-free and divergence-free solves Maxwell’s equations; A A A
such vector fields correspond to an electromagnetic field in g _(XITY3+2K) @
vacuum. (X2+y2+22)3” ™

We begin by reviewing several traditional ways of COM- 4,0 charge density for a point charge, away from the source
puting div, grad, and curl in curvilinear coordinates, and in

. ; and that

particular contrasting the approaches used by mathemati-
cians and physicists. We then consider several important ex-  _ (Xj_yf) .
amples which naturally correspond to an “electromagnetic Vxﬁ=
basis,” in each case discussing the electromagnetic interpre- (X*+y?)
tation. Most of the examples we give are special cases dthe current density of a line charge, away from the sgurce
ellipsoidal coordinates; we call therlectromagnetic conic These are perhaps the two most important elementary physi-
sections We then give a necessary and sufficient conditioncal examples of divergence and curl.
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B. Product rules . A d 19 X
, o , , VX(F?¢)= —— —(singF?) i—— —(rF%) @

An important simplification occurs by using basis vectors rsind d6 ror (18
adapted to the symmetry of the problem. Introducing the&om which (13) and (14) follow immediately. For a good,
spherical basis vectors informal description of this approach, see Schey.

f =sin 6 cos¢1+sin 6 sin ¢+ cosk, (6)
- - LA e D. Orthogonal coordinates
6= cosf cos¢l+cosh sing)—sin bk, (7) g
- A . The preceding approach generalizes naturally to any or-
¢=—singi1+cosey, (8 thogonal coordinate system, that is, one in which the three
it is straightforward but messy to u§®) and(3) to calculate, ~ coordinate directions are everywhere orthogonal. Typical ex-
for instance. that amples are rectangular, cylindrical, and spherical coordi-
' nates, but there are many more.
V.i= E ©) A general orthogonal coordinate systemy,w) will have
r’ a line element of the form
_ . cotf 1. dg?=f2du?+g? dv?+h? dw?. (19)
=Tl 0t we denote the unit vector fields in the coordinate direc-

either using the chain rule, or by rewriting, ¢, ¢) in terms ~ ions by{0,,w}, then we can expand any vector fididas

of (x,y,2). If one now recalls that vector differentiation sat- E=FY0+ F0+ EMW. (20)

isfies the product rules ) _ ) ) )
It is then a fairly simple computatiGrio derive the general

V- (fF)=Vf.-F+{(V-F), (1) formulas
V F\=VfXE vV X F . 1 9
VX(fF)=VIXF+f (VXF) (12 I (21)
then it is an easy matter to ug® and(10) to show that gnou
o1 Yl A 22
V'(rzr>:°' 13 = 15| 7u(9F)~ 5, (179 | (22
1 using the formulagl15) and (16).
i ;ﬁ) =0 (14) These formulas can hardly be called obvious. The corre-
rsing sponding formula for the gradient is much more natural.
for instance by using?=x2+y2+z2 andr sin 6= x>+ yZ. Starting from the chain rule, in the form
But these are precisely)) and(5); the hard work here is in ok ok Jk
deriving the initial formulag9) and (10). This approach is dk= ﬁdlﬂr gdvﬂL de (23
closely related to the concept of covariant differentiation in
differential geometry. the all-important directional derivative, in the form
dk=Vk-dF (24)
C. Physics

together with the “square root” of the line elemetih the
After defining the divergence and curl in terms of a Car-sensedf-di=ds?), given by

tesian basis, an introductory mathematics course typically _ - N N

goes on to prove the divergence theorem and Stokes’ theo- dr=fdud+gdv V+hdww, 25

rem. If there is time—there often is not—a geometric inter-we obtain

pretation is then provided through the formulas 1 9k 1 9k 1 ok

. 1 L. Vk=—-—10+——V+—-—W. (26)
VE=lim ff F-dS, (15) fou” gdv  how

s VOlUme&S) J Js Examining (21) and (22), we see that there are special
Lo 1 S
(VXF)-A=lim ———= f}g F.dr (16) 0
c V. —

vector fields which are divergence or curl free, since
c_o AreaC)

which relate divergence and curl to flux and circulation, re-
spectively.

Physicists often turn this around, and use these formulas to
definethe divergence and curl, thus turning the divergence o R R
theorem and Stokes’ theorem into tautologies. These formiand similarly forv andw. These formulas can also be de-
las are then used womputethe formulas for the divergence fived from the identities

=0, (27)

=0, (28

and curl in various coordinate systems. In spherical coordi- & .z _

nates, for instance, this leads to formulas such as V-(VXF)=0, (29
N N VX Vi=0, (30)
V-(FH= r2 0_r(r F, (17) when one realizes that in orthogonal coordinates one has
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a

h=§v><§w=§><(vew), (31)

«

=Vu. (32)

-] O

[Il. ELECTROMAGNETIC CONIC SECTIONS

A. More product rules
. . . (a)
As discussed in Bods,the existence of a natural

divergence-free basis along the lines(a%) can be used to
reduce the computation of the divergence to the much sim-
pler computation of the gradient. Similarly, the existence of a
natural curl-free basis along the lines(@B) can be used to
simplify the computation of the curl. In each case, this is
accomplished using the appropriate product rylE) or
(12), respectively. However, it is noteworthy that these two
natural bases only agree in rectangular coordinates.

What if one could find a basis which wasthdivergence-
and curl-free? In that case, one would never need to remem-
ber the formulas for the divergence and curl; all computa-
tions would reduce to the much simpler formula for the gra-
dient. (b)

Such a basis would also be of physical interest. A vector
field which is both divergence— and curl-free solves MaX_Fig. 1.(a)A_horizon_taI slice of_cylind_rical coordin_ates, resu_lting in the usual
well's vacuum equations, and can hence be interpreted as Hlar cqordlnate grld(.b)Avernc_:aI slice of cylindrical coordinates, through

. _— ! the z axis (shown as a heavy line

electric or magnetic field. We are thus led to ask whether we
can find a basis of electromagnetic fields.

We begin by considering several examples.

S=-5 (35

. 1
B. Plane S
First of all, the rectangular basfs,j,k} is constant, and and the magnetic field of thupwarg current-canryingz
therefore, of course, both divergence- and curl-free. EacR¥S 1S
basis vector field must therefore describe an electromagnetic ., 1.
field. Which one? Consider an infinite parallel-plate ~ P= 5 ¢ (36)
capacitof with infinite separation between the plates. If the . o o
plates have equal but oppositeniform) charge densities, Thus, an “electromagnetic” basis in this case is given by
then there is a constant electric field orthogonal to the plategS &, 2}.

If, instead, the plates have equal but oppogiteiform) cur- All of our remaining examples will be axially symmetric,
rent densities, then there is a constant magnetic field parallgnd will th ; A ;
' us have¢ as a coordinate¢h as a basis vector
to the plategbut orthogonal to the currents ) N ¢ . ¢ . .
field, and® as an electromagnetic basis vector fig¢hl-

C. Cvlinder thoughs= /x?+y? will need to be expressed in terms of the
=Y given coordinategs We will omit further discussion of this
Consider now the cylindrical coordinate system, definedcase in(most of the subsequent examples, and we will have

by® no further use for horizontal slices analogousgapin Fig. 1.
VX2+y?=s, (33
D. Sphere
AN i
tan = 2| = . (34) What about the other standard coordinate system, namely
spherical coordinates, defined implicitly by
Horizontal (z=constant) and vertical (tap=constant) .
slices through this coordinate system are shown in Fig. 1. VX Ty =rsiné, (37)
Denoting th? orthonormal bas:is for cylindrical coordinates as 7=y cosg (39
usual by{s,¢,2}, we havez=k, and thus this basis vector . -
field is both divergence- and curl-free. But what about the(W't,h ¢ as befqr&: and shown mAFJg; 2. The orthonormal
other basis vectors? basis for spherical coordinates {8, 8, ¢}, and we already
The simplest cylindrical electromagnetic fields correspondnow that
to an infinite straight wire carrying either a uniform charge . 1 .
density or a uniform current density. It is straightforward to b= — 7 ] (39
work out the corresponding fields: Up to scale factors, the rsin
electric field of the(positively) chargedz axis is is both divergence- and curl-free.
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Fig. 2. A vertical slice of spherical coordinates, showing tidecoordinate
grid.

The only obvious spherical electromagnetic field is the
electric field of a point charge, which is, up to a scale factorrig. 4. A vertical slice of prolate spheroidal coordinates. The curves or-
1 thogonal to the ellipses are hyperbolas.

R= = F. (40)

This solves part of the problem. But what electromagnetic

field, if any, looks like¢? Somewhat surprisingly, it turns out g(rf[# ;r\}g;’;e%lge?(;?]l dlscfj(?l_f]!pgemiglt'glsesisb?; these which are
there is one, namely the electric field of two half-infinite 9 TP )

uniform line charges, with equal but opposite charge densi- With the wisdom of hindsight, that is, after having first
. rges, 4 PP g .~ computed the answer by brute force, it is clear that such
ties, as shown in Fig. 3. Up to a scale factor, the resultin

. . A Yector fields do indeed exist. Consider the spherical model
divergence-free and curl-free basis vector field is _ . ) .
above, in which a multiple o) was produced by two half-
&= 1 . (41) infinite line charges which were joined at the origin. Separate
rsing the two instead by a finite distance, as shown in Fig. 5. The
resulting electric field is justproportional to

and an electromagnetic basis is given{®; 0, ®}.
- 1 R
E. Spheroid and hyperboloid V= sinv \sinffu+sirfv Y “d
What about other, less common, orthogonal coordinat
systems? Consider first prolate spherdijabordinates, de-
fined by

22— qi ; - 1
VX“+y“=sinhusinv, (42 0= N (45)

N - - u
z=coshu cosv (43) SInhu\/m

as shown in Fig. 4. The relevant orthonormal basis vectors

) @

Fig. 3. A spherical electric field. If the positive axis is given a uniform

positive charge density, and the negatvaxis is given an equal and oppo-  Fig. 5. A spheroidal electric field. If the oppositely charged half-lines in the
site charge density, the resulting field lines are spherical, that is, ithe spherical example are separated by a finite gap, the resulting field lines are
direction. spheroidal.

@nd is therefore spheroidal. Similarly, the electric field of the
“missing” finite line segment is justproportional to
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Fig. 6. A hyperboloidal electric field, the electric field of a uniformly

charged line segment. Fig. 8. Two paraboloidal electrical fields, namely the electric field of a
half-infinite uniform line charge, alon¢p) the negativez axis and(b) the
positivez axis.

which is hyperboloidal, as shown in Fig6An electromag-
netic basis in this case is therefore given{y,V,®}.

 —Xi—yj+zk
0= i 2
F. Paraboloid X“+y“+z
Moving right along, now consider parabolic coordinates,  zxi+zyj+ (x?+y?)k
defined by V= (53
VC+y2+ 22 X% +y
XtHyT=uu, (46) and we seek multiples @f and¥ which are both divergence-
7= 1(u2—v?) (47  and curl-free.

There are none.
and shown in Fig. 7. Do there exist multiples @fand ¥
which are both divergence- and curl-free?

Again, with the wisdom of hindsight the answer is clearly
yes. The electric field of a half-infinite, uniform line charge  So when does it work?

H. General case

is shown in Fig. 8, corresponding to Given a vector field3, we ask whether there exists a
. 1 function A such that\G is both divergence- and curl-free,
U=—=0, (48)  that is, such that

u\/uz-i-v2 N N
. V-AG=0, (54)
V= ——"9, (49 VX\G=0
o+ 02 VXNG=0. (55)

Using the product ruleg¢ll) and(12), we can rewrite these

respectively. J |
P y conditions as

G. Another hyperboloid VA-G=-\V.G, (56)

Buoyed by our success, let us finally consider hyperboloi- VA X G=—-AVXG. (57)
dal (inverse paraboloidakcoordinates, defined by

VC+y2=\\u?+v2—u, (50)
z=Vu’+v?+u, (51)

and shown in Fig. 9. We have

On the other hand, the identity

Fig. 7. Avertical slice of parabolic coordinates. Both families of orthogonal Fig. 9. A vertical slice of hyperboloidal coordinates. Both families of or-
curves are parabolas. thogonal curves are hyperbolas.
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(TX V)XW= (T-W)V— (V- W) T (58  to be both divergence- and curl-free, it also provides an ex-
plicit algorithm for determining\. There is another, simpler

leads to characterization, but without this property.
(VAXG)XG=(V\-G)G—|G|>VA. (59) RequiringF to be curl-free means théibcally)

Rearranging terms and usiri§6) and (57) then yields E=Vf. (68)
VA= (V)& i—(?)\xé % G In particular, since we are assumifge\G, this forces the

|G| |G|? original vector fieldG to be orthogonal to the surfaces

5 {f=constarit. Thus, a necessary condition Gnis that it be
(Fx &) x G _(¥.8) hypersurface orthogon_aﬂ'his condition is always satisfied
|é|2 |é|2 fqr the examples considered here, constructed from a coor-
dinate system.
Dividing (60) by A and taking the curl of both sides yields  The condition thaf be divergence-free imposes the fur-
ther condition that

(61) Af=0, (69)

>

=\

. (60)

. . G .. G
(VXG)X———(V-G)
1G|?

since the left-hand side is the curl §fln\. The necessary Sr? thatF must Fe;hehgradide'nt of Iaarmonicfudnc'giol;l. Thus,
and sufficient condition that a suitable exist is therefore the question of which coordinate systems admit basis vectors

(61); if \ exists, ther(61) is satisfied due to the identit0), which can(all) be rescaled so as to be divergence- and curl-

whereas if(61) is satisfied, then there existslacal) poten- Irerﬁ IS ean[Jrl]varlTI]entlvto tge ?“eSt:OQ of Wh',fh bcocr)]rdrlr?watr?i sys—r
tial function. which is In\. ems can themselves be rescaled so as to be harmonic coor-

dinates.
We conclude by noting that harmonic functions in two
IV. DISCUSSION dimensions are closely related to analytic functions. A vector

field F=P1+ Q] is divergence- and curl-free if, and only if,
—iQ is analytic, sinc&

0=Vx

|GI?

We have demonstrated a possible alternative way to co
pute the divergence and curl in certain standard cases. For
instance, in spherical coordinates, one really need only re- 1 . . L
member tha{R,®,®} is an electromagnetic basis—ideally ~ =(P—iQ)=(V-F-i|VXF]). (70)
by recalling the corresponding electromagnetic fields. The
divergence and curl are then easily computed from formulas
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We have given several examples of orthogonal coordinates Y

which admit an “electroma_\gne'_[ic basis.” All of these €X- agctronic mail tevian@math.orst.edu

amples areseparable coordinates the sense of Morse and  bgjectronic mail: corinne@physics.orst.edu

FeSChbaCH? that is, Laplace’s equation is separable in theseljason W. Dunn and Julius Barbane, “One model for an integrated math/
coordinates. It is straightforward to check that all 11 of the physics course focusing on electricity and magnetism and related calculus
separable coordinate systems in Morse and FeschBadh, topics,” Am. J. Phys68, 749-757(2000.

. . . . . .2 i P « .
of which are special cases of ellipsoidal coordinates, admit ;e;ﬁgm;fg pi”d-Cf?r,TQFMC'ngZ‘T’%‘;f’lgg;he vector caleulus gap:
: : i ysics, , 21— :
an()electrqrrrl]agnetlc bails' bl di h |3For the record, while a traditional course in multivariable or vector calcu-
ne might suspect that separable coordinates are the onlyq i certainly discuss polar, cylindrical, and sphericabrdinatesvec-

ones which admit an electromagnetic basis. However, thereiors will most likely be expressed exclusively in terms of their rectangular
are also nonseparable coordinates which admit an electrocomponents.
magnetic basis, an example being “logcoshcylindrical” co- “Tevian Dray and Corinne A. Manogue, “Using differentials to bridge the

ordinates, defined by vector calculus gap,” College Math. (o appear.
SH. M. Schey,div, grad, curl, and all that 3rd ed.(Norton, New York,
x=In(costf u—sirfv), (65) 1997).
5David J. Griffiths,Introduction to Electrodynami¢8rd ed.(Prentice-Hall,
y=2 tan Y(tanhutanv), (66) New York, 1999.
"Mary L. Boas,Mathematical Methods in the Physical Sciencasd ed.
zZ=w. (67) (Wiley, New York, 1983.

, iy 80ne plate is in fact sufficient. The advantage of two plates is that the field
Turning to the general case, the conditil) not only v;nﬁsﬂgsec:it'sr}dzcthzucéﬂzgitor © advantage of two piates Is that The fle

characterizes the vector fiel@&which can be rescaled so as we use¢ rather thang for compatibility with our later examples, arsl
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rather tharr to avoid confusion with spherical coordinates. 2Philip M. Morse and Herman Feshbadtethods of Theoretical Physics

19A spheroid is an ellipsoid with two axes of the same length. (McGraw-Hill, New York, 1953, Chap. 5.
it is instructive to consider this latter example as a “stretched out” point **A similar statement can be made in three dimensions, using quaternions in
charge. place of the complex numbers.
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