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Certain orthogonal coordinate systems naturally correspond to basis vectors which are both curl-free
and divergence-free, and hence solve Maxwell’s equations. After first comparing several different
traditional approaches to computing div, grad, and curl in curvilinear coordinates, we present a new
approach, based on these ‘‘electromagnetic’’ basis vectors, which combines geometry and physics.
Not only is our approach tied to a physical interpretation in terms of the electromagnetic field, it is
also a useful way to remember the formulas themselves. We give several important examples of
coordinate systems in which this approach is valid, in each case discussing the electromagnetic
interpretation of the basis. We also give a general condition for when an electromagnetic
interpretation is possible. ©2002 American Association of Physics Teachers.
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I. INTRODUCTION

What are the divergence and curl of a vector field? S
dents in mathematics courses often learn algebraic form
for these derivatives, without learning the geometry beh
them. Those students who go on to take physics or engin
ing courses which use these concepts often have tro
‘‘bridging the gap’’ between the way vector calculus is taug
by mathematicians and the way it is used in applications1,2

One indication of the extent of this problem is the fact th
few mathematicians have seen the notation$ r̂ ,û,f̂% for the
unit vectors for spherical coordinates, yet most physic
assume that their students learn this in vector calculus.3 This
problem is exacerbated by the different conventions
spherical coordinates used by physicists and mathematic

We emphasize that the use of nonrectangular coordi
bases is just one small step; the gap must be bridged
more fundamental level.4 And a few simple examples, suc
as spherical coordinates, are sufficient for, say undergrad
physics. The goal of this paper is rather to consider sev
more sophisticated examples, showing explicitly how th
relate to electromagnetism.

Why are the formulas for divergence and curl so mu
harder in curvilinear coordinates than in rectangular coo
nates? Because the basis vectors are not constant. How
if the basis vectors were both curl-free and divergence-f
they would pull through the computation of the curl a
divergence as though they were constant, dramatically s
plifying things. This is the basic idea we will develop her
Furthermore, a~time-independent! vector field which is both
curl-free and divergence-free solves Maxwell’s equatio
such vector fields correspond to an electromagnetic field
vacuum.

We begin by reviewing several traditional ways of com
puting div, grad, and curl in curvilinear coordinates, and
particular contrasting the approaches used by mathem
cians and physicists. We then consider several important
amples which naturally correspond to an ‘‘electromagne
basis,’’ in each case discussing the electromagnetic inter
tation. Most of the examples we give are special case
ellipsoidal coordinates; we call themelectromagnetic conic
sections. We then give a necessary and sufficient condit
1129 Am. J. Phys.70 ~11!, November 2002 http://ojps.aip.or
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for a given vector field to be electromagnetic, that is,
admit a rescaling which is both curl-free and divergen
free. Finally, we show how to use these basis vectors
simplify the computation of div, grad, and curl.

II. CALCULATING DIV, GRAD, AND CURL

A. Mathematics

In introductory mathematics courses, one typically wor
in Cartesian coordinates, using the basis$ ı̂,¤̂,k̂%. Given any
vector field

F¢5P ı̂1Q¤̂1Rk̂ ~1!

the divergence and curl ofF¢ are defined by the formulas

“
W
•F¢5

]P

]x
1

]Q

]y
1

]R

]z
~2!

and

“
W 3F¢5U ı̂ ¤̂ k̂

]

]x

]

]y

]

]z

P Q R

U , ~3!

respectively. It is an instructive exercise to try to use the
formulas to verify that

“
W
•

~x ı̂1y¤̂1zk̂!

~x21y21z2!3/250 ~4!

~the charge density for a point charge, away from the sou!
and that

“
W 3

~x¤̂2y ı̂!

~x21y2!
50¢ ~5!

~the current density of a line charge, away from the sourc!.
These are perhaps the two most important elementary ph
cal examples of divergence and curl.
1129g/ajp/ © 2002 American Association of Physics Teachers
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B. Product rules

An important simplification occurs by using basis vecto
adapted to the symmetry of the problem. Introducing
spherical basis vectors

r̂5sinu cosf ı̂1sinu sinf ¤̂1cosu k̂, ~6!

û5cosu cosf ı̂1cosu sinf ¤̂2sinu k̂, ~7!

f̂52sinf ı̂1cosf ¤̂, ~8!

it is straightforward but messy to use~2! and~3! to calculate,
for instance, that

“
W
• r̂5

2

r
, ~9!

“
W 3f̂5

cotu

r
r̂2

1

r
û ~10!

either using the chain rule, or by rewriting (r ,u,f) in terms
of (x,y,z). If one now recalls that vector differentiation sa
isfies the product rules

“
W
•~ f F¢ !5“

W f •F¢1 f ~“W •F¢ !, ~11!

“
W 3~ f F¢ !5“

W f 3F¢1 f ~“W 3F¢ ! ~12!

then it is an easy matter to use~9! and ~10! to show that

“
W
•S 1

r 2 r̂ D50, ~13!

“
W 3S 1

r sinu
f̂D50¢ ~14!

for instance by usingr 25x21y21z2 and r sinu5Ax21y2.
But these are precisely~4! and ~5!; the hard work here is in
deriving the initial formulas~9! and ~10!. This approach is
closely related to the concept of covariant differentiation
differential geometry.

C. Physics

After defining the divergence and curl in terms of a C
tesian basis, an introductory mathematics course typic
goes on to prove the divergence theorem and Stokes’ t
rem. If there is time—there often is not—a geometric int
pretation is then provided through the formulas

“
W
•F¢5 lim

S→0

1

Volume~S!
EE

S
F¢•dS¢ , ~15!

~“W 3F¢ !•n̂5 lim
C→0

1

Area~C!
R

C
F¢•dr¢ ~16!

which relate divergence and curl to flux and circulation,
spectively.

Physicists often turn this around, and use these formula
definethe divergence and curl, thus turning the divergen
theorem and Stokes’ theorem into tautologies. These for
las are then used tocomputethe formulas for the divergenc
and curl in various coordinate systems. In spherical coo
nates, for instance, this leads to formulas such as

“
W
•~Fr r̂ !5

1

r 2

]

]r
~r 2Fr !, ~17!
1130 Am. J. Phys., Vol. 70, No. 11, November 2002
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“
W 3~Fff̂!5

1

r sinu

]

]u
~sinuFf! r̂2

1

r

]

]r
~rF f! û

~18!

from which ~13! and ~14! follow immediately. For a good,
informal description of this approach, see Schey.5

D. Orthogonal coordinates

The preceding approach generalizes naturally to any
thogonal coordinate system, that is, one in which the th
coordinate directions are everywhere orthogonal. Typical
amples are rectangular, cylindrical, and spherical coo
nates, but there are many more.

A general orthogonal coordinate system (u,v,w) will have
a line element of the form

ds25 f 2 du21g2 dv21h2 dw2. ~19!

If we denote the unit vector fields in the coordinate dire
tions by$û,v̂,ŵ%, then we can expand any vector fieldF¢ as

F¢5Fuû1Fvv̂1Fwŵ. ~20!

It is then a fairly simple computation6 to derive the genera
formulas

“
W
•F¢5

1

f gh

]

]u
~ghFu!1 ¯ , ~21!

“
W 3F¢5

1

f g F ]

]u
~gFv!2

]

]v
~ f Fu!Gŵ1 ¯ ~22!

using the formulas~15! and ~16!.
These formulas can hardly be called obvious. The co

sponding formula for the gradient is much more natur
Starting from the chain rule, in the form

dk5
]k

]u
du1

]k

]v
dv1

]k

]w
dw ~23!

the all-important directional derivative, in the form

dk5“
W k•dr¢ ~24!

together with the ‘‘square root’’ of the line element~in the
sensedr¢•dr¢5ds2), given by

dr¢5 f du û1g dv v̂1h dwŵ, ~25!

we obtain

“
W k5

1

f

]k

]u
û1

1

g

]k

]v
v̂1

1

h

]k

]w
ŵ. ~26!

Examining ~21! and ~22!, we see that there are speci
vector fields which are divergence or curl free, since

“
W
•

û

gh
50, ~27!

“
W 3

û

f
50¢, ~28!

and similarly for v̂ and ŵ. These formulas can also be d
rived from the identities

“
W
•~“W 3F¢ !50, ~29!

“
W 3“

W f 50¢, ~30!

when one realizes that in orthogonal coordinates one ha
1130T. Dray and C. A. Manogue
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û

gh
5“

W v3“
W w5“

W 3~v“W w!, ~31!

û

f
5“

W u. ~32!

III. ELECTROMAGNETIC CONIC SECTIONS

A. More product rules

As discussed in Boas,7 the existence of a natura
divergence-free basis along the lines of~27! can be used to
reduce the computation of the divergence to the much s
pler computation of the gradient. Similarly, the existence o
natural curl-free basis along the lines of~28! can be used to
simplify the computation of the curl. In each case, this
accomplished using the appropriate product rule,~11! or
~12!, respectively. However, it is noteworthy that these tw
natural bases only agree in rectangular coordinates.

What if one could find a basis which wasbothdivergence-
and curl-free? In that case, one would never need to rem
ber the formulas for the divergence and curl; all compu
tions would reduce to the much simpler formula for the g
dient.

Such a basis would also be of physical interest. A vec
field which is both divergence- and curl-free solves Ma
well’s vacuum equations, and can hence be interpreted a
electric or magnetic field. We are thus led to ask whether
can find a basis of electromagnetic fields.

We begin by considering several examples.

B. Plane

First of all, the rectangular basis$ ı̂,¤̂,k̂% is constant, and
therefore, of course, both divergence- and curl-free. E
basis vector field must therefore describe an electromagn
field. Which one? Consider an infinite parallel-pla
capacitor,8 with infinite separation between the plates. If t
plates have equal but opposite~uniform! charge densities
then there is a constant electric field orthogonal to the pla
If, instead, the plates have equal but opposite~uniform! cur-
rent densities, then there is a constant magnetic field par
to the plates~but orthogonal to the currents!.

C. Cylinder

Consider now the cylindrical coordinate system, defin
by9

Ax21y25s, ~33!

tan21S y

xD5f. ~34!

Horizontal (z5constant) and vertical (tanf5constant)
slices through this coordinate system are shown in Fig
Denoting the orthonormal basis for cylindrical coordinates
usual by$ŝ,f̂,ẑ%, we haveẑ[ k̂, and thus this basis vecto
field is both divergence- and curl-free. But what about
other basis vectors?

The simplest cylindrical electromagnetic fields correspo
to an infinite straight wire carrying either a uniform char
density or a uniform current density. It is straightforward
work out the corresponding fields: Up to scale factors,
electric field of the~positively! chargedz axis is
1131 Am. J. Phys., Vol. 70, No. 11, November 2002
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S¢5
1

s
ŝ ~35!

and the magnetic field of the~upward! current-carryingz
axis is

F¢ 5
1

s
f̂. ~36!

Thus, an ‘‘electromagnetic’’ basis in this case is given

$S¢ ,F¢ ,ẑ%.
All of our remaining examples will be axially symmetric

and will thus havef as a coordinate,f̂ as a basis vecto

field, and F¢ as an electromagnetic basis vector field~al-
thoughs5Ax21y2 will need to be expressed in terms of th
given coordinates!. We will omit further discussion of this
case in~most of! the subsequent examples, and we will ha
no further use for horizontal slices analogous to~a! in Fig. 1.

D. Sphere

What about the other standard coordinate system, nam
spherical coordinates, defined implicitly by

Ax21y25r sinu, ~37!

z5r cosu ~38!

~with f as before!, and shown in Fig. 2. The orthonorma
basis for spherical coordinates is$ r̂ ,û,f̂%, and we already
know that

F¢ [
1

r sinu
f̂ ~39!

is both divergence- and curl-free.

Fig. 1. ~a! A horizontal slice of cylindrical coordinates, resulting in the usu
polar coordinate grid.~b! A vertical slice of cylindrical coordinates, throug
the z axis ~shown as a heavy line!.
1131T. Dray and C. A. Manogue
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The only obvious spherical electromagnetic field is t
electric field of a point charge, which is, up to a scale fac

R¢ 5
1

r 2 r̂ . ~40!

This solves part of the problem. But what electromagne
field, if any, looks likeû? Somewhat surprisingly, it turns ou
there is one, namely the electric field of two half-infini
uniform line charges, with equal but opposite charge de
ties, as shown in Fig. 3. Up to a scale factor, the result
divergence-free and curl-free basis vector field is

Q¢ 5
1

r sinu
û ~41!

and an electromagnetic basis is given by$R¢ ,Q¢ ,F¢ %.

E. Spheroid and hyperboloid

What about other, less common, orthogonal coordin
systems? Consider first prolate spheroidal10 coordinates, de-
fined by

Ax21y25sinhu sinv, ~42!

z5coshu cosv ~43!

as shown in Fig. 4. The relevant orthonormal basis vec

Fig. 2. A vertical slice of spherical coordinates, showing theru coordinate
grid.

Fig. 3. A spherical electric field. If the positivez axis is given a uniform
positive charge density, and the negativez axis is given an equal and oppo

site charge density, the resulting field lines are spherical, that is, in thû
direction.
1132 Am. J. Phys., Vol. 70, No. 11, November 2002
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are û and v̂; our goal is to find multiples of these which ar
both divergence- and curl-free, if possible.

With the wisdom of hindsight, that is, after having fir
computed the answer by brute force, it is clear that su
vector fields do indeed exist. Consider the spherical mo
above, in which a multiple ofû was produced by two half-
infinite line charges which were joined at the origin. Separ
the two instead by a finite distance, as shown in Fig. 5. T
resulting electric field is just~proportional to!

V¢ 5
1

sinvAsinh2 u1sin2 v
v̂ ~44!

and is therefore spheroidal. Similarly, the electric field of t
‘‘missing’’ finite line segment is just~proportional to!

U¢ 5
1

sinhuAsinh2 u1sin2 v
û ~45!

Fig. 4. A vertical slice of prolate spheroidal coordinates. The curves
thogonal to the ellipses are hyperbolas.

Fig. 5. A spheroidal electric field. If the oppositely charged half-lines in
spherical example are separated by a finite gap, the resulting field line
spheroidal.
1132T. Dray and C. A. Manogue
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which is hyperboloidal, as shown in Fig. 6.11 An electromag-
netic basis in this case is therefore given by$U¢ ,V¢ ,F¢ %.

F. Paraboloid

Moving right along, now consider parabolic coordinate
defined by

Ax21y25uv, ~46!

z5 1
2 ~u22v2! ~47!

and shown in Fig. 7. Do there exist multiples ofû and v̂
which are both divergence- and curl-free?

Again, with the wisdom of hindsight the answer is clea
yes. The electric field of a half-infinite, uniform line charg
is shown in Fig. 8, corresponding to

U¢ 5
1

uAu21v2
û, ~48!

V¢ 5
1

vAu21v2
v̂, ~49!

respectively.

G. Another hyperboloid

Buoyed by our success, let us finally consider hyperbo
dal ~inverse paraboloidal! coordinates, defined by

Ax21y25AAu21v22u, ~50!

z5AAu21v21u, ~51!

and shown in Fig. 9. We have

Fig. 6. A hyperboloidal electric field, the electric field of a uniform
charged line segment.

Fig. 7. A vertical slice of parabolic coordinates. Both families of orthogo
curves are parabolas.
1133 Am. J. Phys., Vol. 70, No. 11, November 2002
,

i-

û5
2x ı̂2y¤̂1zk̂

Ax21y21z2
, ~52!

v̂5
zxı̂1zy¤̂1~x21y2!k̂

Ax21y21z2Ax21y2
~53!

and we seek multiples ofû andv̂ which are both divergence
and curl-free.

There are none.

H. General case

So when does it work?
Given a vector fieldG¢ , we ask whether there exists

function l such thatlG¢ is both divergence- and curl-free
that is, such that

“
W
•lG¢ 50, ~54!

“
W 3lG¢ 50¢. ~55!

Using the product rules~11! and ~12!, we can rewrite these
conditions as

“
W l•G¢ 52l“W •G¢ , ~56!

“
W l3G¢ 52l“W 3G¢ . ~57!

On the other hand, the identity

l

Fig. 8. Two paraboloidal electrical fields, namely the electric field of
half-infinite uniform line charge, along~a! the negativez axis and~b! the
positivez axis.

Fig. 9. A vertical slice of hyperboloidal coordinates. Both families of o
thogonal curves are hyperbolas.
1133T. Dray and C. A. Manogue
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~u¢3v¢!3w¢ 5~u¢•w¢ !v¢2~v¢•w¢ !u¢ ~58!

leads to

~“W l3G¢ !3G¢ 5~“W l•G¢ !G¢ 2uG¢ u2
“
W l. ~59!

Rearranging terms and using~56! and ~57! then yields

“
W l5~“W l•G¢ !

G¢

uG¢ u2
2~“W l3G¢ !3

G¢

uG¢ u2

5lS ~“W 3G¢ !3
G¢

uG¢ u2
2~“W •G¢ !

G¢

uG¢ u2
D . ~60!

Dividing ~60! by l and taking the curl of both sides yield

0¢5“
W 3S ~“W 3G¢ !3

G¢

uG¢ u2
2~“W •G¢ !

G¢

uG¢ u2
D ~61!

since the left-hand side is the curl of“W ln l. The necessary
and sufficient condition that a suitablel exist is therefore
~61!; if l exists, then~61! is satisfied due to the identity~30!,
whereas if~61! is satisfied, then there exists a~local! poten-
tial function, which is lnl.

IV. DISCUSSION

We have demonstrated a possible alternative way to c
pute the divergence and curl in certain standard cases.
instance, in spherical coordinates, one really need only
member that$R¢ ,Q¢ ,F¢ % is an electromagnetic basis—ideal
by recalling the corresponding electromagnetic fields. T
divergence and curl are then easily computed from formu
like

“
W
•~ f R¢ !5“

W f •R¢ , ~62!

“
W 3~ f R¢ !5“

W f 3R¢ . ~63!

Yes, this requires knowing how to compute the gradient
spherical coordinates, but this can easily be rederived
needed from the geometrically obvious formula

dr¢5dr r̂1r du û1r sinu df f̂. ~64!

We have given several examples of orthogonal coordin
which admit an ‘‘electromagnetic basis.’’ All of these e
amples areseparable coordinatesin the sense of Morse an
Feschbach,12 that is, Laplace’s equation is separable in the
coordinates. It is straightforward to check that all 11 of t
separable coordinate systems in Morse and Feschbach,12 all
of which are special cases of ellipsoidal coordinates, ad
an electromagnetic basis.

One might suspect that separable coordinates are the
ones which admit an electromagnetic basis. However, th
are also nonseparable coordinates which admit an ele
magnetic basis, an example being ‘‘logcoshcylindrical’’ c
ordinates, defined by

x5 ln~cosh2 u2sin2 v !, ~65!

y52 tan21~ tanhu tanv !, ~66!

z5w. ~67!

Turning to the general case, the condition~61! not only
characterizes the vector fieldsG¢ which can be rescaled so a
1134 Am. J. Phys., Vol. 70, No. 11, November 2002
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to be both divergence- and curl-free, it also provides an
plicit algorithm for determiningl. There is another, simple
characterization, but without this property.

RequiringF¢ to be curl-free means that~locally!

F¢5“
W f . ~68!

In particular, since we are assumingF¢5lG¢ , this forces the

original vector field G¢ to be orthogonal to the surface

$ f 5constant%. Thus, a necessary condition onG¢ is that it be
hypersurface orthogonal. This condition is always satisfied
for the examples considered here, constructed from a c
dinate system.

The condition thatF¢ be divergence-free imposes the fu
ther condition that

D f 50, ~69!

so thatF¢ must be the gradient of aharmonicfunction. Thus,
the question of which coordinate systems admit basis vec
which can~all! be rescaled so as to be divergence- and c
free is equivalent to the question of which coordinate s
tems can themselves be rescaled so as to be harmonic
dinates.

We conclude by noting that harmonic functions in tw
dimensions are closely related to analytic functions. A vec
field F¢5P ı̂1Q¤̂ is divergence- and curl-free if, and only i
P2 iQ is analytic, since13

]

] z̄
~P2 iQ !5

1

2
~“W •F¢2 i u“W 3F¢ u!. ~70!
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